LECTURE 7 - HANDOUT

Recursion

Every slide from the lecture, with what was said over it. The slides are rendered natively — the
text is selectable, searchable, and prints cleanly.
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| Containers and Nested Data #RE#iE

= List §Z: an ordered sequence
* Dictionary F8: keys map to values

* Nesting #%E: a container can contain another container

[1, [2, 31, [4, [5]]]

| Three outer items, five integers. How can every integer be processed?

Slide 3 - Containers and Nested Data R E4E
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| Nested Records fxEidF

How can every integer be included when nesting depth varies?

list
1 list list
/\ /\
2 3 4 list
}
5

[1, [2, 3], [4, [5]]]

Slide 4 - Nested Records #REiC&
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| Quiz 1 : Function Calls

HBEE - —/
LER AR S EEIRE

Predict the output order, then submit once.

Slide 5 - Quiz 1 - Function Calls
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| Call and Return Order AH5IRE i[5

code output

def inner() —-> int: A
print("B") B
return 2 C

3

def outer() —> int:
print("A")
result = inner()
print("C")
return result + 1

print(outer())

Slide 6 - Call and Return Order B 5IREFE
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| Lecture Structure

1 Callsand BRASLIE - local state, return order and reachable base cases
termination
2 Dataand BIAEMEESHE - nested lists, ged, Fibonacci and power

subproblems
3 Divide and conquer 43§ - binary search and merge sort

4 Hanoi and NEE. MEESEM - instruction order and legal partial
backtracking choices
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| Factorial Recurrence ffiiRiEHE X H

Nonnegative integer n - input domain JE£2E %1

Concrete example E{&flF General rule iEIX &
31=3x21=3x2x1 n=nx(n-1)!fornz1
21=2x1:11=1x0! 0! =1 - direct answer &

| B AERSSHME, BN FRREEREMARULE n,
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| Recursive Factorial 313 s E &L

What does factorial(3) return? #iA: JERAEEEL

def factorial(n: int) -> int:
if n ==
return 1
return n *x factorial(n - 1)

print(factorial(3))

Slide 10 - Recursive Factorial 3&YAM Fe k%K
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| The Call Chain B %%

Call order factorial(3)

\

factorial(2)

\

factorial(1)

\

factorial(0)

Each caller resumes after its callee returns.

Slide 11 - The Call Chain AR

waiting: 3 x 7
waiting: 2 x ?
waiting: 1 x 7

base case: return 1
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| Local Variables BT E

factorial(0) localn=0 current

factorial(1) localn =1 waiting: 1 x ?
factorial(2) localn=2 waiting: 2 x ?
factorial(3) localn=3 waiting: 3 x ?

Logical call frames; not a CPython memory layout.

Logical call frames AR, not a CPython memory layout.

Slide 12 - Local Variables BT &
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| The Return Chain iB[E]|{ 5

Return order

f(3)=6 3x2=6
x
f(2) =2 2x1=2
x
f(1)=1 1Tx1=1
A
f(0)=1 base case: return 1

Each caller resumes after its callee returns.

Slide 13 - The Return Chain IREIf/F
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| Tracing Recursive Calls &3 RIE

code output
def factorial(n: int, depth: int = 0) —> int: enter 3

pad = " " x depth enter 2

print(f"{pad}tenter {n}") enter 1

if n == 0: enter 0
result =1 return 1

else: return 1
result = n *x factorial(n - 1, depth + 1) return 2

print(f"{pad}return {result}") return 6

return result 6

print(factorial(3))

Slide 14 - Tracing Recursive Calls 3&!37F Bz
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| Base Case and Progress Eff 58 ILE=

Check 1#&& Meaning & X Factorial example i3
Base case E Complete the task directly; no recursive factorial(0) - 1
call

Progress #£1IL[EE A lower-bounded measure approaches 3=22-1-0
the base case

* Measure the remaining work: a parameter, length or unfilled rows.

* Not every parameter must decrease: placed queens increase while remaining
rows decrease.
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| Nonterminating Recursion JE£&1Ei&13

No base case G E No progress A&
def bad(n: int) —> int: def bad(n: int) —> int:
return bad(n - 1) if n ==
return 0
bad(3) return bad(n)
* No direct return for any input bad(3)

= n stays 3; the base case is unreachable

Both independently checked examples raise RecursionError.
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| An Unreachable Base Case AoizE

Will n reach 0? 2#U&kix73 3,1, -1, -3, ...

def down(n: int) —> int:
if n ==
return 0
return down(n - 2)

print(down(3))

Slide 17 - An Unreachable Base Case FNaliAE H
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| Reasoning About Recursion

1 Task 53 State what the function must return or do.
2 Base case E)ff Check that the direct result is correct.

3 Subproblem Fi@R& Assume its specified result is correct.

4 Combination A&  Derive the current result from that result.

5 Progress #£1t Prove that a base case can be reached.

Slide 18 - Reasoning About Recursion
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| Recursion Depth i#)3;RE

Finite but too deep ARIET R * Finite: 5000 —» 4999 —> ... =0
def countdown(n: int) —> int: * Too deep: the interpreter stops
i == before the base case
return 0 .
return countdown(n - 1) * Depth limit: not a measurement
print(countdown(5000)) of disk space or RAM.

Actual exception LR E

RecursionError:
maximum recursion depth exceeded

Build: Python 3.12.9 - sys.getrecursionlimit() — 1000. Consider a loop or explicit
state.

Slide 19 - Recursion Depth B35 E
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| Recursion and Iteration B35 EIF

Recursion i&!3 Iteration &F
def factorial(n: int) —> int: def factorial_loop(n: int) —> int:
if n == 0: result = 1
return 1 for i in range(2, n + 1):
return n x factorial(n - 1) result x= i

return result
print(factorial(10))

B

3628800
3628800

Slide 20 - Recursion and Iteration )35 EH
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| Type Checks ZERIEE

code output
for x in [3, [1, 21, [11: False
print(isinstance(x, list)) True
True

Slide 22 - Type Checks AT
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| Summing Nested Lists #xE 513K

sum =28
- I
1 sum=5 sum = 22
—
2 3 4 sum =18
—
5 sum =13
—
6 7

Integer leaves: 1+2+3+4+5+6+7=28.

Slide 23 - Summing Nested Lists #R &R KH
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| Recursive Sum

code output

def deep_sum(items: list) —> int: 28
total = 0
for x in items:
if isinstance(x, list):
total += deep_sum(x)
else:
total += x
return total

print(deep_sum([1, [2, 31, [4, [5, [6, 71111))
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| Empty Lists and Nested Calls

Predict deep_sum([1, [1, [2, [1]]) before following the sums.

sum=3
1 sum=0 sum =2
2 sum=20

Empty lists return 0; total = 3.

Slide 25 - Empty Lists and Nested Calls
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| Euclid's Algorithm EXJ1BE &%

gcd(a, b) = gcd(b, a % b) when b >0

Current pair Ha1&# Next pair T—&#{ Remainder R
(48, 18) (18, 12) 48 % 18 = 12
(18, 12) (12, 6) 18 % 12 = 6
(12, 6) (6,0) > 6 12 % 6 =0

Nonnegative integers; gcd(a, @) = a. The second argument strictly decreases, not
necessarily the first.

Slide 26 - Euclid's Algorithm Bt /BB B E %
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| Recursive ged TR AL

code output
def gcd(a: int, b: int) —> int: 6
if b == 0: 21
return a 5

return gcd(b, a % b)
print(gcd(48, 18))

print(gcd(1071, 462))
print(gcd(@, 5))

Slide 27 - Recursive gcd Sa AN
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| Fibonacci Recurrence 35 AF 325

code output
def fib(n: int) —> int: 01123581321 34
if n <= 1:
return n

return fib(n - 1) + fib(n - 2)

for n in range(10):
print(fib(n), end=" ")

Slide 28 - Fibonacci Recurrence 3B 3p22i8
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| Repeated Subproblems EE FaRH

How many separate calls to fib(3) appear in fib(5)?

fib(5)

-

fib(4) fib(3) - B
- —
fib(3) - A fib(2) fib(2) fib(1)
P — —
fib(2) fib(1) fib(1) fib(0) fib(1) fib(0)

—

fib(1) fib(0)
15 calls; fib(3) - A and fib(3) - B are separate calls.

Slide 29 - Repeated Subproblems E£& F (o)
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| Counting Function Calls i X ¥4t

code output
def fib_counted(n: int) -> tuplelint, int]: 55 i3
if n <= 1: 10 55 177
return n, 1 20 6765 21891
left, c1 = fib_counted(n - 1) 25 75025 242785

right, c2 = fib_counted(n - 2)
return left + right, 1 + cl + c2

for n in [5, 10, 20, 25]:

value, calls = fib_counted(n)
print(n, value, calls)

Slide 30 - Counting Function Calls ABR# &5t
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| Fibonacci Call Counts

n fib(n) Function calls
5 5 15
10 55 177
20 6,765 21,891
25 75,025 242,785

Counts include the initial call and every base-case call.

Measured calls SEFRIFAFIXEL; includes base-case calls.

Slide 31 - Fibonacci Call Counts
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| Fast Exponentiation {RiERE

Exponent n: each call uses n // 2

10 — 5 — 2 — 1 — 0

Returned value fora=2

1024 — 32 — 4 — 2 — 1

One recursive result per call; half is used twice.

Slide 32 - Fast Exponentiation |RiFE
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| Recursive Power

code output
def power(a: int, n: int) —> int: 1024
if n == 0: 243
return 1

half = power(a, n // 2)
if n%s 2 == 0:

return half x half
return half x half % a

print(power(2, 10))
print(power(3, 5))

Slide 33 - Recursive Power
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| Result Reuse iRE{HE B

The even-exponent branch 18435845 X

One call — XA Two calls FRiE A

half = power(a, n // 2) return (power(a, n // 2)
return half x half * power(a, n // 2))

* Compute once * Both calls execute

* Use the returned value twice * The same subtask is repeated

| witEEn, ERPEREERESERIER; Python FeBAMEFHEERR.

Slide 34 - Result Reuse IREEEH
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| Binary Search Preconditions — 5 & X Hi{2

Sorted input; inclusive range [lo, hi]l. E#kB#x: 15
target =15

Sorted input; inclusive range [lo, hil

0 1 2 3 4 5 6 7
1 3 5 7 9 11 13 15
lo=0 hi=7

Indices 0—7; values increase from left to right.

Slide 36 - Binary Search Preconditions — 9 & Bz

HARARBR AP, TARM 0 Bl 7, o EHAEIFAXIE [lo, hi], Min#lESERETEER.

FREEBRFARTHIR 3, EERNT,

Bir 15 KT 7, BFIEFRIETR 0 2 3 WEHARIESFT 15, FELLAI AR —F ., BWARE

HEFRS, XTEEARNIL, 25 ARk EIMFENE,



| Search Range &Eik[X|d

target =15 Blue: current interval; underline: mid

0 1 2 3 4 5 6 7
[0, 71 mid = 3 1T 3] 5 || 7|l 9| 1|l 13] 15
[4, 7] mid =5 1 3 5 7 9 A1 (13 15
[6, 7] mid = 6 1 3 5 7 9 11 | 13 || 15
[7,7] mid =7 1 3 5 7 9 11 13 |15

Found: return index 7.

Slide 37 - Search Range & [X[g]
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| Recursive Binary Search

One recursive call; =1 for an empty range. 71X &]

def search_range(nums: list[int], target: int,
lo: int, hi: int) —-> int:
if lo > hi:

return -1
mid = (lo + hi) // 2
if nums[mid] == target:
return mid

if nums[mid] < target:
return search_range(nums, target, mid + 1, hi)
return search_range(nums, target, lo, mid - 1)

Slide 38 - Recursive Binary Search

FTHE lo FBAT hi, ZXENRE -1, FFZEILERPR, @FIREI TR, BRBRARERAX
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| Unsuccessful Search &i¥kénth

Target 8: why does the final range contain no elements?

target =8 Blue: current interval; underline: mid

0 1 2 3 4 5 6 7
[0, 71 mid = 3 1 3 5 1| 711 9 11 || 13 || 15
[4, 7] mid =5 1 3 5 7 9 || 11 || 13 || 15
[4, 4] mid = 4 1 3 5 7 | 9| 11 13 15
[4, 3] empty 1 3 5 7 9 11 13 15

lo > hi: empty interval, return -1.

Slide 39 - Unsuccessful Search & Rkap
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| Merge Sort I3HHEF

Split Return
[7, 3, 4, 1] [1’ 3’ 4, 7]
[7, 3] [4, 1] [3,7] [1, 4]
(7] [3] [4] [1] [7] [3] [4] [1]

Base cases: one-element lists are already sorted.

Slide 40 - Merge Sort JAHHiE
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| Merging Sorted Lists HF51FRI3FH

Which unused element should be appended next? &H & F5IZE
a=1[3,71b=11, 4]

Before Compare Append Merged prefix
i=0, j=0 3vs 1 1 (b[j]) (1]

i=0, j=1 3vs 4 3 (alil) [1, 3]

i=1, j=1 7vs 4 4 (b[j1) [1, 3, 4]
i=1,j=2 b exhausted 7 (alil) [1,3,4,7]

i and j point to the first unused item in each input.

Slide 41 - Merging Sorted Lists HFFI&RIFH

i’ j pAERM T EFRIIRPEAERNSE -, LR ali] 5 blj], HRIVMEMAGR, B
ESN VN TS

B (3,715 [, 418, #ORIA 1L 3. 4, AMEREHRLEMFMRN 7, SXRR—1TT
=, EEEZHFRE. MUBFEXT AR,



| The Merge Function

Excerpt - compare candidates
def merge(

a: list[int], b: list[int]
) —> list[int]:

result = []
i=20
j=0

while (i < len(a)
and j < len(b)):

if ali]l <= bl[jl:
result.append(alil)
i+=1

else:
result.append(b[jl)
j+=1

Slide 42 - The Merge Function

Excerpt - finish the same function

result.extend(ali:])
result.extend(b[j:])
return result

# a and b must be sorted
# Inputs are not modified

= Both inputs sorted before the loop
= One side exhausted: append the

remainder

= New result: neither input is modified

2B LRI, AR ERARERNMEFIREIER, BARGERMLE LB TR, RIE

1518 ali] 5 blj] &,

E—MERE, 5—MNELERF, FIEE extend, RFUREIFN result, AMELRHAN a F
b, MR —TRHBIFER, HXHEEEEHTHIMILAIBITER.



| Recursive Merge Sort

Excerpt - see complete program

def merge_sort(
nums: list[int]
) —> list[int]:
if len(nums) <= 1:
return nums.copy()
mid = len(nums) // 2
left = merge_sort(nums[:mid])
right = merge_sort(nums[mid:])
return merge(left, right)

Complete runnable example TEF2F7

Slide 43 - Recursive Merge Sort

KENFFT 1R E nums.copy(), RIEREEERMEMIIR. HittdAD RERNAZRT!

Actual output i H
[1, 2, 3, 3, 4, 5, 7]

= Requires merge(a, b) from the

complete program.

= Base case returns a copy; neither

input is changed.

= Two halves are sorted, then merged.

&, PAHF, BIEA merge . TEEFLIMAL [1,2,3,3,4,5,7],

RTIAHZ R ER, merge NEBEEXAHAXT, NMEATREARIREEGITRE., A5EH1E
FBEDETIE, NEEEXMZI RN RERLTE

R E

RESZE,


https://taohuang.info/cs1602/en/lectures/l07-recursion/#merge-sort-example

| Recursive Algorithm Structure

Algorithm &% Subproblem FidgH After the call ;R[5

Binary search One chosen subrange Pass back the matching index
Merge sort Both halves Merge the sorted results
Power One smaller exponent Reuse the computed value

| HRFEOENHE. MESEESE, RERERITEL,

Slide 44 - Recursive Algorithm Structure

“HEHAGRE—MERIEXE, SRGEAERE, PIAHFLERTFIIR, TEEMRLE
37+, REBLE—TBFERIER, BERSRHTREA.

BIARBAIMERN, TEEANHFOENE. MENASSRARRE. EXEREDTE
RE+—H, SRR DXL,

IV - Towers of Hanoi ;Xi£18

RIERY R EZIROMERTIR, NEENNAR—HBBLEARNBIES: ETEFER
ZHI, ASTTREME F IS

FTR=E2ERESNINF, BEEFRY. ITREREITEES: TAFLRREFZRNT
x, ARES—FPREEE.



| Hanoi Rules

One disk
per move

Top disk only

No larger disk

| on a smaller disk
B C

Goal:A=> C
Disk number increases with disk size.

Slide 46 - Hanoi Rules

=REFEIEMRAN AL B, C, E5HK, B2FEX; ¥RMTRLE 3. 2. 1, 28T
A, BirZIEEEEFEIEREIC,

BRRABH—IENE, RERERE/NE L, EMATEEEELMRE, AMAREH
NEEN=ETE. BRPNEHTTMESEN; RIRFIREMN=210%,



| Hanoi Decomposition ;NGB {ES D fE

Start Subtask 1 Move disk 3 Subtask 2
3 disks: A= C 2 disks: A= B disk3:A—=C 2 disks: B—= C

i1 b4 [4d []8

A B C C A A B Cc
source: A source: A source: A source: B
target: C target: B target: C target: C

spare: B spare: C no spare needed spare: A

Each subtask transfers two disks; the middle step moves one disk.

Slide 47 - Hanoi Decomposition SYi&E{F S o R
BRAEIEMARIC, TEELIENMITEMNARREIB, TfE, E3MABEIC, BEB
LFENmITEREE C,

M MEESEETHERMN, 23ERINZTENEFEAEHERE. BRNFESEHLARR
TREN—ERGEFY, AMEREMTE—XIRD.



| Source, Target and Spare =H{FSZ A&

Role HFifafE Meaning & X hanoi(3, A, C, B)
source Start pillar £ A

target Destination £ 5 C

spare Temporary pillar & B B

1 First subtask hanoi(n - 1, source, spare, target)

2 Largest disk Move disk n: source = target

3 Second subtask hanoi(n - 1, spare, target, source)

Slide 48 - Source, Target and Spare =Zf{FEAE

FTRARBZIHFIAE: hanoi(3, A, C,B) 1, ERZA, XRZEC, EAREB. ERETE,
AERFESHE

BETE=FZRBBDINF, B—TFESKRI/NEMN AERBE B, LW CIEAERE; A
IR hanoi(2, A, B, C). T\ﬁEF{ LSRRI .



| Recursive Hanoi Instructions

def hanoi(n: int, source: str,
target: str, spare: str) —> None:
if n == 0:
return
hanoi(n - 1, source, spare, target)
print(f'disk {n}: {source} —> {target}")
hanoi(n - 1, spare, target, source)

han01(3’ "A", IICII' IIBII)

Slide 49 - Recursive Hanoi Instructions

nROMIRBESF, HiZreturn, TRILIES. TN, KEFLBLE - 11TE, BITHE
RENZH, REEFTHS—EREERE,

MTFEREEVEL, EBRIFABIMAGEBZIAEE, XTRAFERZITNES,
AIRBHHP = REFRIIIRINS, WL IERS EFRAITEEED I3,



| Three-Disk Move Sequence

0 - initial - disk1: A=>C 2-disk2:A—>B 3-disk1:C—->B

87 &1T L1150

4 - disk3:A>C 5-disk1:B—=> A 6 -disk2:.B—=>C 7 - disk1: A= C

b wap g LB LS

A B C

Slide 50 - Three-Disk Move Sequence

B @SS CRENBEIIRS, £/\TIRES., BSMRANE1AZIC, B22AFB. £1CEH|
B. #3AZC. #1BZA, &#2BEIC. 1A%F|C,

ERTHR—HBBIEZFIRTEL, ANESRBENZNE, UMEBFEREENE
THREIS/\TREAERE: REEHEENNRFLT C.



| Hanoi Move Count 8517k

T(n)=2T(h-1)+1-T(0)=0

* Two transfers of n — 1 disks + one move of the largest disk

Disks ¥ n Moves Z51XE T(n)
1 1

2 3

3 7

4 15

5 31

| T(n) = 2" - 1 counts moves, not function calls. Maximum depth grows with n.

Slide 51 - Hanoi Move Count f&zf)/x%

AR SHOBRE T(0) = 0. T(n) = 2T(n-1) +1, RIFEE 2 40 n )RR 1. =&H-ERIBH,
ERH=+—R.

XERERE, FEREBERRE. AA hanoi(0) thE—RREGAM, AAT4B5N, mAS
VARERE n 180, SBHMERKIREGS; MMMTHAREER. RPTHINCIEREESEX,



| Output and Return Values #iith 5iR[El{E

code output
def hanoi(n: int, source: str, disk 1: A —> C
target: str, spare: str) —> None: None
if n == 0:
return

hanoi(n - 1, source, spare, target)
print(f"disk {n}: {source} —-> {target}")
hanoi(n - 1, spare, target, source)

result = hanoi(1, "A", "C", "B")
print(result)

Slide 52 - Output and Return Values %)t 53R [E1{&

$e3TEN disk 1: A -> C, 2[5 print(result) $TEl None, A -> None BIRENIRIR Bl — ™ME
None; #R return FIHITEI R LK EEP=1R[E] None,

HEESAFTBREFRS, ERIEBFY, FEXZERTNER, RIFESEMET,
ANENE. XNREIFREME.

V - Enumeration and Backtracking 15 o]}
HIF B ES N Z MEEIEE ., 2EOAESNIRIET, B IRRIRRER &% PR

iy

SEWESERBARAARS Y., KIETEEEBIRIELE
HEFIEE::/QEéDEEw

EI:I'

B AR IR AU AT S STANA]



| Permutation Choices HEFIi%#F

]
.. /0
[1] [2] (3]
[1, 2] [1, 3] [2,1] [2, 3] [3,1] [3, 2]
| } } } } |
[1, 2, 3] [1,3, 2] [2,1, 3] [2, 3, 1] [3,1, 2] [3,2,1]

A node records the chosen prefix; six leaves give six permutations.

Slide 54 - Permutation Choices $F7I3%#F

=NERTRERHEFTHET, AEW, EWMAINE 1. 2. 3; BMAEEBTRITERE, B/
KFRTREEIZEHT,

IERENETRAS T FHPIRIE, MBSO XNER. BFRATHFEAT TR,
B-BE=1"9X, AFRERERFE=NER.



| Recursive Permutations

code output
def permutations( [f1, 2, 31, I1, 3, 211
items: list[int] 6

) —> list[list[int]]:

if len(items) <= 1:
return [items.copy()]

result = []

for i in range(len(items)):
rest = items[:i] + items[i + 1:]
for p in permutations(rest):

result.append([items[i]] + p)
return result

p = permutations([1, 2, 3])
print(pl:2])
print(len(p))

Slide 55 - Recursive Permutations

RECREIZEBATIRSIR, BRRUEREFE—TE, rest EBMRXUERIMIIR, XFHE
5 p MNLEED, FAHRISER.

ZHRNRE [[1], R-E—RZHS, 2EROEIER, MEBARIIREERRGERE., EET
SRUENE, AIEFrERERTHNER, TREATEHEE,



| Partial Solutions ZB% fi#

queens =[1, 3, 0, 2]

0 Q
gueens[row] = column
1 Q
row 0 = column 1
2 Q row 1 = column 3
row 2 = column 0
3 Q row 3 = column 2

One queen per row, column and diagonal.

queens[row] = column; zero-based indices E&E T#x.

Slide 56 - Partial Solutions Zf4>fi#

& queens M5B r IR 5E r ITEEMAENT, BFHI1, 3,0, 2] E—1TEZENEEEHA,
BITHERRBREITHIR, EFENERITISMENAL.

D BRICEKEASTRIEI T, B/RBFBIN—1T, RFRTHED; A2 n THEEI—15%
B, /\ERERBENN, SRIREKX,



| Queen Placement 2GS0

Same column or diagonal? @%1: c==col; X% EBEEE

def is_safe(queens: list[int], col: int) —> bool:
row = len(queens)
for r, c in enumerate(queens):
if ¢ == col or abs(row - r) == abs(col - c):
return False
return True

Slide 57 - Queen Placement G BT

HERBEBENFIERAT row = len(queens) IX—1T, 1&iEFIH col, enumerate ZAHENE G
TS5 r 555 c, JISHEEFEEKRERZ,

MisER—XNA% L, SEXETEENESTIIEENE. F—EBAE2EREPRMIRE
False; ZERQEBEIZRE True, EXFRMEAAXTHERAERRDBERETIE,



| Counting Queens Solutions

Excerpt - see complete program Actual output L% H
def count_queens( 2
n: int, queens: list[int] 92
) —> int:
if len(queens) == n: = Requires is_safe: conflicts are
return 1 :
checked before recursion.
total =
for col in range(n): = queens + [col] creates a new partial
if is_safe(queens, col): list.
total += count_queens
n, queens + [col]) * Pruning B#%: invalid branches stop
return total early.

Complete runnable example TEIEFF

Slide 58 - Counting Queens Solutions
SREEFIESINER 2 M. /\EE 92 M. SriEfo/s n TIHRE 1; SNEiHE
TS, RNLERGEREE)T, BIEE D ZHBELHEN,

queens + [col] BIEZFTER D AR, NMERRIIK., ATI2MH is_safe HEHSHER, TEHXAO
BEMTRBIERRG, AEXRFTEITEHMIIE


https://taohuang.info/cs1602/en/lectures/l07-recursion/#queens-example

| Self-Similar Fractals BHE{9 7

n=0 n=1 n=2 n=3
base triangle 3 xorder 0 3 x order 1 3 x order 2

A 4 A
A AAAA
A A

A
A A A A AA AA
AAAA LALL

1 triangle 3 triangles 9 triangles 27 triangles

Three copies of the previous order, each at half scale.

Slide 59 - Self-Similar Fractals B#8{U 52

WREME=ATE-—MBE=0 L—MERAEAR, SHULUREN—F, RHERXTEFLE
VLA, BYERM 0 2l 3,

B3 FESIRE E—MFRBIIR, SRIBREEIHBRLEL—. TAMG ., 2THTE™E
HEHENTE/NEIAAN; XERTHEXMEENEHINERSF, TREABMTERE
ZETL,



| Recursion Design and Choice

1 Define igit Task —> base case —> progress —> combination

2 Match the structure Nested or branching tasks may suit recursion.

3 Checkrepeated Identify repeated subproblems and opportunities for reuse.
work

4 Check scale and Depth, input size, state and storage all matter.
state

Sequential accumulation often suits a loop; other conversions may require an explicit
stack.

Slide 60 - Recursion Design and Choice

RITEANPMREES . B, #HERSAHES. ERIIAIN, THEEEESESEAER
BRADZ, BREEKE—FE, 751%&; SEEGHMANE, UREBERESDRE.

IR 2h0EEBRIAEREE., B30 USRI EXHIFIRSHER, E0sEEEMRNEE 200
B, TEEAGBIEREVAR B RRA— for MIES.



| Quiz 2 - Recursive Reasoning
FABEE - &R

BHERBIESENE SPRENELNI SRR
A—FERENESFER - NEBN=MIZHE

All four topics have been covered. Submit once.

Slide 61 - Quiz 2 - Recursive Reasoning
FSIRMADAEERIEY. BHSHN. FEREAMNEEAE., ETFRBTELHT, TBER
R iHA

BRSCREANEE, BRABIEZY, BESERBEMERATR, ABRRRZRSHAZE
FINEZE, MTERRENEAZTENEFHR—RREEA.



| Quiz Review: Termination and Local State

Question EH Reasoning 2 Outcome £R

Q2 - reachability 3-1--1-> -3 - ..Zeroisnever RecursionError
reached.

Q3 - local n total(@) - @ total(l) - 1 + @ 0->1-3

total(2) - 2 + 1

| A decreasing number may skip the base case. Each call keeps its own local n.

Slide 62 - Quiz Review: Termination and Local State

ERM 3R, 8RR 2, A2FT 0, BIAMRRLIR RecursionError, BERDS E AR
AR ERIEE,

= total(0) JR[E 0, total(l) BEESREBHMI n=115%1, total(2) A n=213%3 3, REIZEF
mENZEAENRITERE, TERRABSHERINESEL



| Quiz Review: Reuse and Hanoi Roles

Q4 - result reuse Q5 - first Hanoi subtask

half = power(a, n // 2) hanoi(3, "A", "C", "B")
return half % half

# Before moving disk 3:
# Reuse a value, not two calls hanoi(2, "A", "B", "C")

= One calculation, two uses of its value = A = B: move the two smaller disks first.

= Cis the spare pillar in this subtask.

Slide 63 - Quiz Review: Reuse and Hanoi Roles

SEIMIEE— power BASHR, BHERLR, MRTHRFEIA, half RESLITEY
MR, TorREMX M,

BRATSLCIELEMTEMERIES A RBRIISgE AN B, LAY C BAFESHERE, AU
E—IAAR hanoi(2, A, B, C), FTiniBAFE3S, BXNSE,



| Lab 7 - Recursion and Tools

Part SLIRER Learning tasks {£53% Checks #3
A : recursion Digits, reversal, palindrome, flatten, digit Zero / empty inputs;
sum and coin combinations recursive and loop digit
sums
B - Josephus Simulate and recurse £JZ X Small cases and

numbering conventions

C - tools grep / find / wcsort / uniq / Search and summarize;
pipes submit operation records

Each code or explanation goes to its own entry. Large digit inputs also require depth
checks.

Slide 64 - Lab 7 - Recursion and Tools

A BBARTRBRIFAZEIES, EREMUMNERERSEISBIMRE, HEXFRIERER., U
H. k¥, OX. FFSEHASHBESEANO,

B RN BRI LEIEIN S 1B, BRSO TEM/NEMAN, CERFES] grep. find, we. sort,
uniq fIEE, BIEEFEILE. ST AONKBIIRBIEIHRTIERIES, FMEXFOES#
FM, 10**1000 B 1001 i, BVAKRAA]BERE T HEIAE LR,



| Solo Assignment 1 - Restricted Hanoi

Movement rule 10 Permitted moves #£zf End-to-end count ;X&{
Ordinary Hanoi Any pair of pillars 2" -1
Adjacent pegs only Ao Beo C nodirectAe C 3"-1

* Move lists, not just a count

* Legality and final-state checks; explain the recurrence

| Course grade: 5% - due 10 Nov, 23:59 GMT+8.

Slide 65 - Solo Assignment 1 - Restricted Hanoi
TAFU—EEEENEESHIHIRE THNER, TARREAS B, BS5 C ZEEEEH, A
2 C Ree—H5ehl. MMM THRERFHINERNFI,

RRXEKRBIENE . SEMNELEHNE, UMREFREVTHIERE, THRRERR—TAR, B
PR 525 5%, 5HBINRRTAENSGTT 156%; & LR B MMUESE—RH1ZE, B
NSBEl. REBMEA D ELASER TN,



| Code Review and Verification

* Same task, smaller or nested input: recursive decomposition
* Separate local state: each call keeps its own variables

= Combination: returned results or ordered actions
LO8 - Code Review and Verification

* Input assumptions = base cases = progress - results and state changes

| How can these claims be checked against a program?

Slide 66 - Code Review and Verification

EEIFIZRBREIIR: B—EERERNETEES, BRNERIIRMBIXIEE, feisaiE
BIR. REBRASIBNEERERE, BXINRAENZERIRRE,

— I REFEERGE, CRENERMANR. Ef. &b BREEMRESEL. T-HMNXLE
BERERARBEESRIE. TEANSENHREER, AERTRERRIEEIHT.

AFTER CLASS

Reference &%

SEXRBEEBIR. BFIEO. RRAEUARTET BAIR, BEEEF F—T4ER, TH
BREIJEEEN,

7B Excerpt WITHR TR AR, ARIRILIETAO. MNAXNTEBEFESMEEXMIEA,
B, f#hMBEY LT LRREITZ,



| Factorial Trace

Complete output EEEHH! = enter: begin a new call
enter 3 = return: finish that call
enter 2 . .
e Al = Indentation: one level deeper per indent
s * Returned values: 1,1, 2, 6
return 1
return 1 * Last 6: the outer print()
return 2
return 6

6

Slide 68 - Factorial Trace

SEGHAEZSRIAEAN, BERIUXIRE, REFTENENREBCARNER, enter 0 [FiZl
return 1, FEEZ#EI n i 1 B9IEBAAEERTT,

1T return 1 B TAREA: F—1TE2FTHME, BITE2 MR, HE PGB N
depth, EFRVIEREMIE BRI XL FERIRE.



| Explicit Stack Traversal B 1%i&E[H

code output
def sum_stack(items: list) -> int: 15
pending = items.copy()
total = 0

while pending:
x = pending.pop()
if isinstance(x, list):
pending.extend(x)
else:
total += x
return total

print(sum_stack([1, [2, 31, [4, [5]1]1))

Slide 69 - Explicit Stack Traversal &% IBH

pending R1FiEARLIBRITER, IR pop BNEARE—T, BHEM, FIRMEETEMA
pending, 3MIANRENBHS BIRITHIIR,

RXEIEETFRFAIERSEXNFREIIRFN—MEIE, BTMRERI, BHAXFSHIH
KB A AR BRSHNAZRRFLN, ERIRFERNESAEERER. REARNE
B8



| Binary Search: Complete Interface

Excerpt - see complete program

def binary_search(
nums: list[int], target: int
) —> int:
hi = len(nums) - 1
return search_range(
nums, target, 0, hi)

# search_range: page 38

Complete runnable example STEF2F7

Slide 70 - Binary Search: Complete Interface

Actual output i H
[11-1

[3]1 3 0

[3] 2 -1

[2, 2, 2] 21

= Requires search_range; the

complete example defines both
functions.

= Sorted input is required.

= Any matching index is allowed for

duplicates.

NFFEO binary_search a2 #IAH X (8], $HBNERER search_range fATRiE!d, X HITEE

AOERNEEM N EXXED ML, TR

THRARGH; BITRBMARE
IEREEBIERIE, (BREARIE WA

\

15175 38 11,

DA AR BEERE—IER TR, XEMAAEE
X&), THRM#EOE ﬁo


https://taohuang.info/cs1602/en/lectures/l07-recursion/#binary-search-example

| Merge: Comparison Loop

Code / excerpt {STBEEF BB = Sorted prefix: result stays sorted.

def merge( * Consumed: a[:i] and b[;j].
a: list[int], b: list[int] . . ,

) —> list[int]: * Next candidates: a[i] and bl[j].
ireiuét = [ * Choose the smaller unused
i=o0 element.

while (i < len(a)
and j < len(b)):

if ali]l <= bl[jl:
result.append(alil)
i+=1

else:
result.append(b[jl)
j+=1

Slide 71 - Merge: Comparison Loop

EEEIAT, result {a BT, a BIRT i IS b YR | IERER. MTRARSERF, MUE
B T —1TnREX—MRRTRNRIVE,

EENAR M MER BT E/IMEIR, FEUIOA result ENERF. XERRAERER; ER—MN
[EH9 BN T HE F E SR R B PR,



| Merge Sort: Complete Example

Excerpt - see complete program Actual output L% H
# End of merge: 1, 2, 3, 3, 4, 5, 7]
result.extend(ali:])
result.extend(b[j:])

= Complete merge is required; this
return result

page shows its ending.

def merge_sort(
nums: list[int]
) —> list[int]: = Inputs unchanged; copies, slices

if len(nums) <= 1: and result lists use storage.
return nums.copy()

mid = len(nums) // 2

left = merge_sort(nums[:mid])

right = merge_sort(nums[mid:])

return merge(left, right)

* Empty = []; duplicates are retained.

Complete runnable example T2

Slide 72 - Merge Sort: Complete Example

merge EEIHERE, HRS—MINERRTR., RLMERTIFHIRE, AfSH merge_sort ik
SR EERE. TREERBRK, FEIATTHSERRPRRERNRER.

WXRE—TMIZIANO, AJRETIIR, EEE. FFRRMASRIIRESRIFIAE, BEEE
#ll. tDHH0 result AELIEFIR, TEZSEMBNTIE,


https://taohuang.info/cs1602/en/lectures/l07-recursion/#merge-sort-example

| Permutation Verification HEFl 45 Ri%18

Excerpt - see complete program

from itertools import (
permutations as ref_perm)

items = [1, 1, 2]
mine = permutations(items)
ref = [list(p)
for p in ref_perm(items)]
print(sorted(mine) == sorted(ref))

# Requires our permutations.

Complete runnable example STEF2F7

Actual output i H

[1 True
[1] True
[1, 2, 3] True
[1, 1, 2] True

* Requires our permutations from

the complete example.

= Convert tuples to lists before

comparison.

= Keep multiplicities: a set alone

loses repeated results.

Slide 73 - Permutation Verification HEFl45 84456

ZIEIETMABE S permutations, MAZIEEMTASHINERAFREFML . HEERHE
SJIERZETTH, XBEREAIIR, T5EEREIERE—I,

EFRAIMULERESHHE., EERMATERENES, SNEEREETHE. HIF/EHN

TRIIREBRSHREELY, TWMARSE =4,


https://taohuang.info/cs1602/en/lectures/l07-recursion/#permutation-verification

| Coin Combinations IEHES

Branch 9% Subtask F{E55 Progress 2 ILEE

Use current coin ways (amount - coin, index) Amount decreases
Requires amount = coin; reuse is allowed.

Skip current coin ways (amount, index + 1) Do not Fewer denominations
return to earlier coins; order is ignored. remain

= amount = 0 = one combination; positive amount with no coins — zero

* Distinct positive denominations; nonnegative amount

Slide 74 - Coin Combinations IS

AT AL 2MERSRIES, SSEMERSRIES. sERDEM, N
&R —ma; }E%ﬁ)\—l‘—ﬂﬂﬁ%ﬁ, REIRE Z BRI E R,

TN 0O WRE—MAS, BIABIET; E2FARETHEIMN ATMN, BLTEEFIE
B, HI R, XERBROBEN, TETINHIZIIRIT TN, FAFLRESE.



| Queens: Search and Verification

Method 7% Candidates {&i% Conflict check JHZIEE
Partial search [Elj#f Extend a legal prefix Before recursion; new lists need no

in-place undo

Full enumeration % 8! = 40320 column Rows/columns distinct; check every
permutations diagonal pair

n 4 5 6 7 8

Solutions fi#4{ 2 10 4 40 92

Both complete checks give 92 eight-queens arrangements.

Slide 75 - Queens: Search and Verification

FHHEETY R, AEREZBHREIMNA%PR, BTWIERIIR, THEEREMRM

[EE Rt RIEEIAN O IERIREIRS,

EER MRS 0 B 7 (IEEHDY, H 40320 MRiE, BUEEEMTEEREES
TE—XAs%, KEBE 92 M, JSHIIELZRIEAET, BARERIDRKBXN AL

EICHEEHRX.
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| Text Sierpinski Triangle

Code / excerpt {$t35k F ER

def sierpinski(
n: int
) —> listl[strl:
if n ==
return ["x"]
smaller = sierpinski(n - 1)
pad =" " % (2 %k (n - 1))
top = []
bottom = []
for line in smaller:
top.append(
pad + line + pad)
doubled = line + " " + line
bottom.append(doubled)
return top + bottom

Complete runnable example STEF2F

Slide 76 - Text Sierpinski Triangle

RELREFRFRIIR, BTFRFBEE—1T,

EITEMImANZE, THEREERITAIRM N EI A —
BRRTEBAOERSEZATITENSHEORN, RUATIRME R BRFARZHN . FREHE

n = 0: one star

smaller: solve the previous order
once

Top: one centered subtriangle
Bottom: two subtriangles

Result: a list of text lines

EMRE—ES., BE Lk smaller /5, E¥&P

TEBEE.

EEFRE, TECERIRITHFARLEIIRIMEEZMN.



https://taohuang.info/cs1602/en/lectures/l07-recursion/#sierpinski-example

| Sierpinski Output and Counts

n =3 - actual output

k* %k Xk >k %k )k X X

Slide 77 - Sierpinski Output and Counts

ERN—T—BE, SH—W,
2, AT E NIRRT

n Rows 174 Stars ES
0 1 1

1 2 3

2 4 9

3 8 27

4 16 81

Rows: 2" - Stars: 3"

THRAME, ESHER=E. =NE/\17. Ztt1TE
FERHITRIT,

NAEERMERFRFR. BFUENERIFMIM, FeERERERM X AEBEETREH

K EBILAER.



| Hanoi: Minimum Move Count

1 Before largest disk
2 Largest disk

3 After largest disk
Lower bound T3

Transfer all n — 1 smaller disks to the spare pillar.
At least one move to the target.

Transfer the n — 1 smaller disks onto it.

Construction #3i&5X 3

Tn)z22T(h-1) +1

T(0)=0;T(n)=2"-1

The recursive algorithm uses exactly these stages. Extra largest-disk transfers cannot

reduce the bound.

Slide 78 - Hanoi: Minimum Move Count

EBNEETR, EAREEMNERBILRZE, LEH -1 7TE200EMUTERE, &2

4

BRERZE, &
o

ERENBERAZ L. IFENBEZEDFENR n -1 BEBI—XERER

ERARZFARIMREAE R, FEENBAGINES, TRV TR, BEAWEARIR
=

IRFAESIN—RISHN TR, Eitss

DT 2N -1,



| Input Size BAMESEIF LR

10%x1000 has 1001 digits - a valid finite input

* One digit per call may exceed the current depth limit.
* Accepted input sizes must be documented.

* Suitable loop or stack: consider the scale of the task.

| Current build limit: 1000. SEIR/R LR A MBS LIRS, ALUEEIE)T L RAEE D,

Slide 79 - Input Size AFIES B3 LR
10 B9 1000 X A2 1 [5EIEIR 1000 TME, £ 10011, 42 1000 i, BXRBIFE—AREAEE
BARREERIAEE, ARRENRIEERB T SRR,

BINS LI BE OGS AL IR SEFT MR R E D AR, B ERMEFEEAMENE, TRNEER
BFSEHIAR, MAREIERESET LRESE-,



| Operation Costs IZE RESEE KN

power(2, 10) - exponent chain: 10 >5—->2—->1->0

Exponent $5%] 10 5 2 1

Multiplications &% 1 2 1 2
* Six multiplications across four non-base calls

* power(2, 100) - actual result:

Actual integer result SEFREEEE
1267650600228229401496703205376

Fewer arithmetic operations do not make each operation fixed-time; integer size also
grows.

Slide 80 - Operation Costs EE RS EHA/N

EEEE 10, 5. 2. 1. O, BEESIXEE, FHESMX, BHIVR. XEHNENEH
HOSRIAIRIE, TEMBREBRAESEES.

AMRE 2'° N5ERESLE, Python BERIBUEK, BXEEERANNEMFMEBULKZENL. 15
FRFFHROZERBRIEREEL, FeEH—DFEMEPR SN REUATIEIEE,



| Binary Representation Zi#§I&R 3z

code

def binary_text(n: int) -> str:
if n < 2:
return str(n)
return binary_text(n // 2) + str(n % 2)

for n in [0, 1, 2, 5, 13]:
print(n, binary_text(n))

Slide 81 - Binary Representation Zi##I&R T

output

00

11

2 10

5 101
13 1101

STAERECRBIFRIA 2, REVG L SRIRMAA. TERFERBN_H#GIRT, BiZLHEERE,

FRMSURRUNFNE S,

N7 08 1 NEZREANNEFHY, FHRTEFHS "0", FEE
Vi

DESFNBAHET, FUEEBERE,

FFEH, XTRARTES



| Counting Set Bits Zi# It 1 B9/NE]

code output
def count_bits(n: int) —> int: 00
if n == 11
return 0 4 1
return count_bits(n // 2) + n % 2 5 2
7 3

for n in [0, 1, 4, 5, 7]:
print(n, count_bits(n))

Slide 82 - Counting Set Bits Zi# &l 1 A9
"HEIRN—UEFTF n % 2, EtMESAIXNN n// 2, BB 0 5L 1180, #SEI I 1
HEE,

B 4 NT#EEIZ 100, KER 3, BER 1. ZEENTE 0, MITHFIFMS "0" WKE
1 AZRE—MES . WATRENIEREL,



| Decimal Digits and Reversal

Decomposition B9 i Meaning & X
n%10 Final digit FR{L
n//10 Remaining prefix BI%%

* Digits(n) =1for0=<n<10
* Digits(n) = 1 + Digits(n // 10) for n = 10
* 120 = 21 as an integer; string reversal can preserve the leading zero.

| WREMSFHEEFNER: BINRERESIBREROTINE,

Slide 83 - Decimal Digits and Reversal

BRI AT AR BUARAL n % 10 SFIRFIZR n // 10, 02 9 MRIA—NI, UHREENEEX
T8N FHMANLHEN 1.

REHFFN, 120 WERE 21, RISEREMFIBEN—IORE; RFRFEEFRN AR
BFH 0, EFENEAEFEBEREMTENIRUY, STEFHINLIE. XBERBESEHSE
HXRR, LWLMBFETTH.



| Digit Sum ¥4z

Code / excerpt {STBEEF BB = Recursive decomposition for
nonnegative integers:

# String traversal:
for ch in str(n): - sum_digits(0) = 0
total += int(ch)
» sum_digits(n) =n % 10 +

# Arithmetic loop: sum_digits(n // 10)

while n > 0:
total += n % 10 * Compare the same outputs across
n//=10 both loops and recursion.

* Large inputs require a depth check.

| &3 H B ARRNST total MR S =EE ETX; LRTHI 5

Slide 84 - Digit Sum Ui

FRB/HESTFRERBERARN; BEABRREBRARIAENSD; BRBENESR
HXRBEHER, =M A FRBEN %R CEE I,

MERBEHIMER O R R, TEIEM total FEB LT, AEERMIET, TWMANRKELH
BT, BAERRERS], SLWBERIMISTREBIFSEIFRE, FACREEER, TEEM

P4
REEHTEER.



| A Third-Order Recurrence =Bt

code output
def third_order(n: int) —> int: [1, 2, 3, 6, 14, 33, 77, 179]
if n <= 3:
return n

return (3 % third _order(n - 1)
- 2 x third_order(n - 2)
+ third_order(n - 3))

values = [third_order(n)

for n in range(1, 9)]
print(values)

Slide 85 - A Third-Order Recurrence =&

FFRA N a =10 a,=2, a; =3, HAMIA 3 ERI—TUE 2 FRIMIBNA =013, X2
RUSIARNIERE, RI=THABZRMO

BI/\INLFRE 1. 2. 3. 6. 14, 33, 77. 179, AEEEXEZXFUERM=""R1101810; ZREF
NERETREARNFESY, XTHHERABSEE ITEFOR,



| A Two-Dimensional Recurrence — 4kt

code output
def grid_value(m: int, n: int) —-> int: [1, 1, 1, 1, 1]
if m == 0: [1, 1, 1, 1, 1]
return 1 [2, 2, 2, 2, 2]
if n == 0: [3, 3, 3, 3, 3]
return m [4, 4, 4, 4, 4]

return (grid_value(m - 1, n)
+ grid_value(m, n - 1)
- grid_value(m - 1, n - 1))

for m in range(5):
print([grid_value(m, n) for n in range(5)])

Slide 86 - A Two-Dimensional Recurrence Z 4%

B REIE £(0, n) =1 f(m, 0) =m, RRE=D3FR 15 0, FAEFR. XERFHRAE
I 5—BREMT n=20, FBRREAT m=21,

EitE (0, 0) BX 1, fCHEFRILE m == 0, BHEERT m. n #HRHERRAN, FTUERAETTERY
NE, TEMRBAREHZBLES .



| Ackermann Function fI55 2 H A

code output
def ackermann(m: int, n: int) —-> int: 2
if m == 0: 3
return n + 1 7
if n ==

return ackermann(m - 1, 1)
return ackermann(m - 1, ackermann(m, n - 1))

print(ackermann(@, 1))
print(ackermann(1, 1))
print(ackermann(2, 2))

Slide 87 - Ackermann Function Faj55 £ K %X

Ackermann EREER—MERERIHEAEN . m A 0 [HREI n+1; BNIRIE N Z2EF N 01F
BmfIEEx R, MALNENIEREL,

XEREBIT=T/EAN, ERN 2. 3. 7, A4, 2) NERATA 2*+65536 - 3 Rz, X9F
19729 i, EARTUKBATXTEREIIKE, BARSETALR, HEENEBALLER,
RRIFNZRIE)ILIN WS L E 5.



| Turtle Drawing 2 EIE A IE(E

Code / excerpt {LT3al K & = forward(d): move along the current
heading.

import turtle
* left(a): turn anticlockwise by a
degrees.

* Start: (0, 0), heading 0°
= After forward(80): (80, 0)

= After left(90), forward(40): (80,
40), heading 90°

pen = turtle.Turtle()
pen.forward(80)
pen.left(90)
pen.forward(40)
turtle.done()

Local Python only: requires a graphics window; no browser-run button.

Slide 88 - Turtle Drawing 2B EAiR/E
turtle BIFREEXN R, forward IHHBIAMBNEIEEREE, left RAEPMNHEMQ; UESAME
ERTAEIRE., MAESRAER, AREG,

FoRIEE 80, B 90 EHAIM 40, RAMUEN (80,40), KA 90 E, XMIFHFER
BFED, MeHNREsiTRE., TEARZEFMRENZRELHAX.



| Recursive Star Drawing i3 HAE

Code / excerpt {LE3E} B = Size chain: 360 = 120 — 40 = 134

def star(pen, size: float) —> None: — stop
if size <= 10: * Five segments per non-base call
return
for i in range(5): = 780 drawn segments; 781 calls
pen.forward(size) including base cases
star(pen, size / 3)
pen. left(216) * Position and heading return to the

starting state.

star(pen, 360)
turtle.done() * Pen stub verified; not a GUI

screenshot.

Slide 89 - Recursive Star Drawing /AR A E
AFEE 25 TIERRAARE. STIEESERAREERXR: B size, B34z size [ 3 T E,
¥ 216 B, /NFETF 10 =1L,
size y 360 B, #5780 K& Ek, AA 7818, RRMUENFERME ., NITTHBEZEEZE
2E, BB REIFF GUIMER., XAEi2)3N, A2 IBEF BB R NIVLEETE
.



| Permutations by Insertion A JEHES!

code output
def insert_perms(n: int) —-> list[tuplel[int, ...]]: (3, 2, 1)
if n == (2, 3, 1)
return [()] (2T s))
result = [] (3, 1, 2)
for p in insert_perms(n - 1): (1, 3, 2)
for i in range(n): (1, 2, 3)

result.append(pl:i] + (n,) + pli:])
return result

for p in insert_perms(3):
print(p)

Slide 90 - Permutations by Insertion X EHES

XE—ME5EEARENDHE: BEE1E n-10E2HHT, BEnBABTAREUE. TE
MBEME—=HZ, B=TART.

=ERIFREE N, IFEARTELRETNE . SRESHEANRTEHDXFER.
XERBEALE, BPXDBEESSHEINT.,



| Lexicographic Permutations FHFHES

1 Input#fiA Distinct, sorted items Actual lexicographic order SR
[1, 2, 3]

[1, 3, 2]
2 Branch Choose the first item in 2, 1, 3]

order order. [2, 3, 1]
[3, 1, 2]
2

3y 2, 1
3 Subproblem Recurse on the ordered [ ]

remainder.

| Compare sequences at the first differing position. Not every result is internally increasing.

Slide 91 - Lexicographic Permutations FEiFHEF

FHFRFE-TAEMUELRFY . SEFEAFOBA, ELRMRRFTEEN. Fik)d
RERRIFF, MiZFFHELAT.

|H#R&R Increasing permutations B 51%f%, XERHAFHEEHT, T2 TERREER™
FOBIEHAS, MAKRIIFHEESEEEN, FERNEEHMERXEBINRFSEIL,



| Partial Permutations and Combinations

Order matters #%1 Order ignored &

from itertools import ( from itertools import (
permutations) combinations)

items = [1, 2, 3] items = [1, 2, 3]

for p in permutations(items, 2): for c in combinations(items, 2):
print(p) print(c)

(1, 2) (1, 2)

(1, 3) (1, 3)

(2, 1) (2, 3)

(2, 3)

(3, 1)

(3, 2)

Slide 92 - Partial Permutations and Combinations

MEPESTREFED, #OOIE, Bt (1,2) 5 (21 BFMER, #7571, AATHIR
B, RRE—MRE, #=1.

itertools A ME OB BlE permutations ] combinations, HEFISHEREFY BRI AR
BRESAFREREBMUERALR D, TEERNHIMEHIFHEEMEREEE.



| Displaying Nested Results with pprint

Excerpt - display only Actual formatted output SCRERHERR
from pprint import pprint [[1, 2, 31,
[1, 3, 21,
pprint(permutations([1, 2, 31), [2, 1, 31,
width=20) [2, 3, 11,
[3, 1, 21,
# Complete definition in the notes. [3, 2, 111

= Display only: no sorting, deduplication or new permutations

= width=20 guides formatting; it is not a hard truncation limit.

Slide 93 - Displaying Nested Results with pprint

pprint KERERE, REWS BENRRYIRIAITHR., AITETTE permutations E X _ESERR
A, FRARNmEL.

pprint R R TR, FZHIIIEF, AEE, ATEHMHED, BESHEAZLIETHE
g IRBITTRIDAURBHEEREE. NAEERSEFANTFTEDHER,



| Fibonacci with an Array

code output
def fib_array(n: int) —> int: 0
if n == 0: 6765
return 0

values = [0] % (n + 1)
values[1l] =1
for i in range(2, n + 1):
values[i] = values[i - 1] + values[i - 2]
return values[n]

print(fib_array(0))
print(fib_array(20))

Slide 94 - Fibonacci with an Array

BEMME FHARMAM/NVEIRITE Fibonacci I, values (RIZEBELRXBRINER. n R 0 BFTATFEIR
, BNRBE—INRITIRIEE) values[1] TR,

R IEEFEASIMITMA B, EFRERE 01 6765, REHNHEBRESITE, BRE
TABRTRAZZNEm; RFFLZERFTLURMRE,



| Fibonacci with Two Variables

code output
def fib_pair(n: int) —> int: 0
previous = 0 6765

current = 1
for i in range(n):

previous, current = current, previous + current
return previous

print(fib_pair(e))
print(fib_pair(20))

Slide 95 - Fibonacci with Two Variables

BEAFFIARI previous =& F(0), current 2 F(1), SEl—XEFME, END5HZE F(1) 5 F(2). #
1T n)RfE, previous  F(n),

AMFARGITE, BIERTMERSAIHAEIEMEF, ALINAEREHRTINANME, nET
0 BIAAINIT, RE 0, FENEE for RAAKIEH, XBMREBBERS, NMEESKIBE

Xo



| Loop State Updates

Recursive parameters i#&|3 2% Loop state {EIFIKS
def gcd(a: int, b: int) —-> int: def gcd_loop(
if b == 0: a: int, b: int
return a ) —> int:
return gcd(b, a % b) while b !'= 0:
a, b=>b, a%b
print(gcd(48, 18)) return a

N ;cint(gcd_toop(4, 1))
6 owprt

6

Slide 96 - Loop State Updates

BYFRRAIET—A (b, a % b) RGFIVEAA, BHRAER—XBAREEH afl b, MERHEE
RANE 6, BIKIEDLAR: IFFFE SIS NAVRET=HEIR/N.

while PABERIFRESER . BEMLEHTHET. BRNEREFRE; BEATEMBERAEESRE
BR. BEENBRARTAEESHERIMITEERTEHIRT,



| Adjacent-Peg Hanoi 1H4B+FiiEE

A o B o C - nodirect A< C move

Step B Transfer FEES

1 - smaller disks Transfer n = 1 disks A = C.

2 - largest disk Move disk n: A = B.

3 - smaller disks Transfer n = 1 disks C = A.

4 - largest disk Move disk n: B = C.

5 : smaller disks Transfer n = 1 disks A = C.

n 0 1 2 3 4 5
Moves 0 2 8 26 80 242

| T(0) =0; T(n) =3T(n - 1) + 2 =3" - 1. ZWHNFFI, FEA=ZRNEHEBEHLRTEEE,

Slide 97 - Adjacent-Peg Hanoi 1848 #FXiE15

ZIEFABMALZBREC, ZIELEn-1TEMAKRRC, 4 AL BHNBHBLAUE;
ZIEENEHEMCBRENA, BFEC; RAEBEICE, &REENZAN ARBEC,

R =R n - 1 i REBSMREARERD), B T(n)=3T(n-1)+2, FERFO0, FE 3"
-1, BUMRIERSIE n =0 Bl 5mEBE. TR, KNSR EEK, XEFREBHES, F2OFAT
AEWEREH,; ROPHETRALDEN=REERE, FERRWEEMRIM.



